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ABSTRACT: Electrospinning allows the production of ultrafine nanofibers through the stretching of a charged polymer jet with an

external electrostatic field. In this study, we derived a simplified and accurate model relating the processing parameters, including the

solution volumetric flow rate (Q), the applied electric field (E), and the polymer concentration, to the final fiber diameter. The model

takes into consideration the jet behavior starting at the stable region and moving to the bending instability region. We validated the

model experimentally by performing the electrospinning process with a polyacrylonitrile/N,N-dimethylformamide solution with

different ranges of concentrations (8–11 wt %), Qs (900–1320 lL/h), and Es (88,889–113,889 V/m). The final fiber diameter was

measured with scanning electron microscopy. The model predicted the fiber diameter with a relative error of less than 10%.

Moreover, a 30% increase in Q resulted in a 15% increase in the fiber diameter, whereas a 30% increase in E resulted in a 14%

decrease in the fiber diameter. VC 2016 Wiley Periodicals, Inc. J. Appl. Polym. Sci. 2016, 133, 44112.
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INTRODUCTION

Electrospinning is a promising technique for producing nano-

fibers by subjecting a polymeric solution to an electric field

(E).1 In recent years, various polymers, including nylon, poly-

urethane, and polyacrylonitrile (PAN), have been successfully

electrospun into ultrafine fibers.2–4 Indeed, the increased popu-

larity of electrospinning has arisen from the simplicity of the

process and the ability to produce a relatively thin nonwoven

mesh/membrane.5 Electrospun nanofibrous mesh has a large

surface area because the nanodiameters of their fibers allow

their use in the filtration of subparticles and in the adsorption

of biological and chemical warfare gases, in protective clothing,

in the medical industry, and in jet printing.6,7

Because the purpose of electrospinning is to produce a nanofi-

brous mesh, it is of interest to predict via modeling the final fiber

diameter of single-nozzle electrospun fibers. A model that predicts

the final fiber diameter can be used to control the electrospinning

process to achieve desired fiber morphology, porosity, and physi-

cal characteristics and to improve the electrospinning efficiency.8

Recently, different models have been developed for the electro-

spinning process. The modeling approaches in the literature9–17

divide the jet into stable and unstable regions, where different

governing equations are used. The focus of literature modeling is

more on the portion of the electrified jet beyond the stable region

where the jet becomes no longer visible.9

The stable jet region has been modeled as an electrified jet sub-

jected to stretching by an external E. The basic principles for

modeling electrified jets were developed by Taylor,10 who discov-

ered that it is impossible to account for most electrical phenome-

na under the assumption that the fluid is either a perfect dielectric

or a perfect conductor. The reason is that any perfect dielectric

fluid still contains a nonzero free charge density that lives on the

interface between the fluid and the surrounding gas. The Taylor

model was improved by the inclusion of the effects of jet stretch-

ing, charge transport, and E; this is called the slender body

model.11 In the slender body model, regular perturbations for

long jets can be expanded with the integral formulations, Taylor’s

series expansions, weighted residuals, and variational principles.

Feng12 derived a modified model to avoid the instability issues of

the slender body model. In Feng’s model, the jet is represented by

four steady-state equations: the continuity equation, momentum

conservation, charge conservation, and Coulomb’s law. However,

generalized Newtonian constitutive relations are used for the
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viscous normal stress difference. Roozemond13 expanded Feng’s

model to account for the viscoelastic properties of the polymer

solution fluid. Recently, Helgeson et al.14 derived a simplified

approach for the first electrospinning stable stage and developed a

correlation that predicts the electrospun fiber diameter. However,

the models of Roozemond,13 Feng,12 and Helgeson et al.14 are

only applicable in the stable region of electrospinning, where the

jet is still straight. The stable region is a relatively small distance

compared to the total distance from the needle (nozzle) tip to the

collector, but the stable region affects the prediction of the final

fiber diameter. Moreover, limiting the electrospinning process to

the stable region cannot produce a nanometer fiber diameter, and

the fibers leaving the stable region normally have diameters on the

order of micrometers. Thus, it is of interest to connect the stable

region model to the second jet flow stage of electrospinning, in

which bending instability region occurs, to predict the final fiber

diameter.

The model of the second stage of electrospinning (in the unstable

region) presents a major challenge in the physics of the electrically

driven jet.15 To model the bending instability region, Hohman

et al.16 performed a linear stability analysis of the slender charged

fluid jet with the leaky dielectric properties in a tangential E. How-

ever, the linear stability analysis covers only the early stages of the

evolution of the instability; this is not usually the case for single-

nozzle electrospinning.15 Another model of electrospinning was

developed by Yarin et al.,17,18 who modeled a segment of the jet by

a viscoelastic dumbbell. In their model, significant assumption is

taken, where bending is assumed to be driven by charge repulsion

and resisted by the solution elasticity. However, their model does

not include any asymptotic analysis to predict the magnitude of

the terminal diameter that the whipping jet can reach, and this

necessitates a high computational cost because of its complex

numerical solution.18,19

Therefore, there is a need to derive a simple and accurate model

that relates the processing parameters to the final fiber proper-

ties. Fridrikh et al.20 derived a simple expression of the final

fiber diameter in electrospinning on the basis of the forces

dominating the final stages of bending instabilities in electro-

spinning. Their expression of the final fiber diameter includes a

characteristic length parameter (v) that is not calculated. Fri-

drikh et al.20 reported an arbitrary wide range for v and did

not report any systematic method of its calculation. It is of

interest that v is influenced by the first stage of electrospinning,

which is the stable jet. By neglecting the relation between v and

the stable jet parameters, the Fridrikh et al.20 model was

reported to have an average relative error of 20% for a PAN

solution.

The objective of this study was to develop a combined simplified

model that covers the two connected stages of electrospinning:

stable and unstable jets. Such a predictive model will help in pre-

dicting the behavior of different polymer–solvent solutions and

different processing parameters and in guiding experimental stud-

ies. The novelty of such an approach arises from the prediction of

the final fiber diameter by the modeling of the straight jet and the

relation of the stable properties of the stable jet to the unstable

region model. The combined model incorporates all of the physics

of the jet during the electrospinning process. Moreover, the com-

plete model was validated experimentally for different parameters

[volumetric flow rate (Q), E, and concentration] through a com-

parison of the measured values to the predicted fiber diameter.

The model results were also compared with other published mod-

els and experiments.

EXPERIMENTAL

The approach in this study combined the stable properties of the

stable jet to the unstable region model in a simplified model that

predicts the final fiber diameter as a function of the electrospin-

ning processing parameters. The combined simplified model was

based on the solution of electrohydrodynamics equations, includ-

ing equations for mass, momentum, charge conservation, and

Coulomb’s law, inside the fluid jet in the initial stable jet region,

and it uses the stable jet properties [rsj and final stable jet surface

charge density (1sj)] in the unstable jet region. In the stable jet

region, the electrohydrodynamics equations are solved for a cer-

tain length, which designates the straight jet of the stable region.

Afterward, the equation of motion in the unstable region is sim-

plified on the basis of some relevant assumptions and is solved

with the stable region properties predicted.

To validate the simplified model, several experiments were per-

formed for different electrospinning parameters (Q, E, and polymer

concentration). For each experiment, the electric current (I) and

the final fiber diameter were measured so they could be compared

with the value predicted by the model for each input set.

Basic Equations of an Electrospun Polymer Jet

A scheme showing the horizontal electrospinning setup is shown

in Figure 1. The electrically conducting polymer solution, charac-

terized by its density (q), surface tension (g), dynamic viscosity

(h), electrical conductivity (k), and dielectric constant, was

pumped at a Q out of an orifice of a metal syringe with an initial

radius r0. A high voltage (2–20 kV) was applied between the nee-

dle and the grounded collector, which were separated by a distance

equal to L, where L>> r0. Upon the application of a high voltage,

the electrodes generated a homogeneous electric field strength

(E1) directed horizontally from the needle toward the collector.21

This E generated a tangential force on the charges distributed at

the jet surface. The tangential force caused the jet to emanate

Figure 1. Schematic of the experimental setup for electrospinning.

DC 5 direct current. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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from the tip of a needle as a charged liquid cone. Afterward, it was

transformed into a thin straight jet for a relatively short distance

[stable jet length (Lsj)] and then became erratic and unstable

because of bending instability.

The behavior of an electrospun polymer is generally described by

electrohydrodynamics equations, which include equations for mass,

momentum, charge conservation, and Coulomb’s law inside the

fluid jet. These equations relate the jet radius (r), jet velocity (v),

surface charge density (1), and E to the axial distance (z). The phys-

ical model of the electrospun jet is shown in Figure 2 and divides

the jet into two regions: (1) the stable region and (2) the bending

instability region. The physical parameters that influence the behav-

ior of the electrospun jet in both regions include both the jet solu-

tion properties and the electrospinning process parameters. The

solution properties are the effective h, k, g, the electrical permittivi-

ty (�E), and q. They are related to the chosen polymer–solvent solu-

tion and the weight concentration of the polymer in this solution.

The electrospinning processing parameters are the jet Q, E1 [com-

puted from the ratio of the difference in voltage (DV) to the dis-

tance L from the tip to the collector DV/L], and r0 of the nozzle.

The processing parameters E1 and Q and the solution k can be

used to determine I flowing through the jet with current–voltage

relationships reported for electrospinning experiments.16,21–25

Although I can be measured experimentally23 by the connection of

a resistor between the collector and the ground, Bhattacharjee

et al.25 reported that I measured in electrospinning scales as the

product E1Q0.5k0.4 for wide polymer solutions in an organic

solvent could be expressed as follows:

I5aE1Q0:5k0:4 (1)

where a is an empirical constant predicted as a function of the

polymer solution and the geometrical characteristics of the elec-

trospinning device. Equation (1) eliminates the need to perform

measurements for the current once a is determined for a given

polymer solution. In what follows, the governing equations of

both jet regions are presented and are followed by the combined

numerical/analytical solution methodology.

Stable Jet Region. In the stable jet region, shown in Figure 2(a),

the liquid was characterized by weak conduction, and therefore,

the leaky electric model applied.12 The slender body approxima-

tions were adopted to model the stable viscoelastic electrospun jet

where the flow was simplified to a nonuniform elongation with all

quantities depending only on z. In addition, a negligible effect of

solvent evaporation from the jet was assumed. Moreover, the vis-

coelastic Giesekus constitutive laws were used to determine the

relation between the viscous stresses in the momentum equation.

The Giesekus model adds quadratic nonlinearity and considers

that the deviatoric stress is the sum of the solvent and polymer

stresses.26

The current model for the stable jet region was based on Feng’s

model,12 where the jet is governed by four steady-state equa-

tions representing the conservation of mass, electric charges, lin-

ear momentum balance, and Coulomb’s law. With the stated

assumptions, the equations governing the stable jet are applica-

ble for a specific length, which is Lsj. However, Lsj is a function

of the stable model output parameters.27 To calculate Lsj, He

et al.27 provided a rational theory considering a steady-state

flow of an infinite viscous jet pulled from a capillary orifice and

accelerated by a constant external E. Because the electrical force

is dominant over other forces in the stable jet, the bending

instability occurs when the conductive and convective Is are

equal. He et al.27 derived the equation of Lsj on the basis of this

criterion as follows:

Lsj5
4kQ3

pq2I2

21sjQ

pKqEsj

� �22=3

2r0
22

" #
(2)

Therefore, the electrohydrodynamic equations were derived for an

arbitrarily assumed Lsj, which would be corrected iteratively on

the basis of model output, as is described in the methodology of

the Feng12 model.

The mass conservation equation for the jet is as follows:

pr2v5Q (3)

where r and v are measured at z. The charge conservation balance

is given by12

2pr1v1pr2kE5I (4)

The forces applied on the small control volume shown in Figure

3 are the tangential and the normal components of the electric

force, the viscous stress, and g. The linear momentum equation

in the axial direction is given by12

se
t 2se

n

dr

dz

� �
2pr1

d

dz
½pr2ðszz2pÞ�1 g

r

dr

dz
2pr1qgpr25

dðqpr2v2Þ
dz

(5a)

where se
t and se

t are the tangential and the normal forces,

respectively, per unit area exerted on the surface of the jet due

to E; szz is the shear stress in the axial direction; g is the gravita-

tional acceleration; and p is the pressure. Because the sum of

the normal forces at the surface of the jet is equal to zero

p1se
n5srr1

g

r
(5b)

where srr is the shear stress in the radial direction.

The Giesekus model adds quadratic nonlinearity and divides the

deviatoric stress into a solvent contribution and a polymer contribu-

tion26 as follows:

s5ss1sp (5c)

Figure 2. Physical model of the electrospinning process: (a) stable jet and (b) bending instability. t: tangential direction; 1: normal direction
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where s is the total shear stress, sp is the polymer shear stress,

and ss is the solvent shear stress, which is deduced from the

Newtonian constitutive law given by

ss53hs

dv

dz
(5d)

where hs is the solution viscosity. The sp equations are obtained

from the viscoelastic laws26 as follows:

sprr1kðvs0prr1v0sprrÞ1a
k
hp

s2
prr52hpv0 (5e)

spzz1kðvs0pzz2v0spzzÞ1a
k
hp

s2
pzz52hpv0 (5f)

where a is the mobility factor; spzz and sprr are the shear stresses

of the polymer in the axial and radial directions, respectively; k
is the linear charge density in C/m; and hp is the polymer vis-

cosity. The prime symbol indicates the first derivative with

respect to z.

With the substitution of eqs. (5b) and (2d-2f) into (5a), the

momentum equation in the z direction15 becomes

dðqr2v2Þ
dz

52r1E1
T
0
p

p
1r 0g1r2 110

E
2ð�E2EÞEE 0

� �
1ð3hsv

0pr2Þ (6)

where E and �E are the permittivities of the jet and the air,

respectively; Tp is the tensile force estimated by the multiplica-

tion of the shear stresses (spzz 2 sprr) by the cross-sectional area

of the jet (pr2; and all parameters followed with a prime symbol

indicate the first derivative with respect to z.

The equation for E was given by Reneker and Fong15 as follows:

EðzÞ5E1ðzÞ1ln
r

L

� �"
1�E

dð1rÞ
dz

2
b

2

d2ðEr2Þ
dz2

#
(7)

where b is the permittivity ratio ð�E=E21Þ and L is the jet

length. The complete derivation of the stable jet model was

given in Feng12 and Reneker and Fong.15

Boundary conditions. At the onset of the electrospinning, the

jet just outside of the nozzle has a radius r0 and a velocity v0.

A 1 boundary condition has been a longstanding problem in

previous studies of electrospraying and electrospinning.12 Hoh-

man et al.16 solved this problem by fitting the model predic-

tions to the measurements and found that a steady solution was

attained when only 1 tended to zero at the onset of

electrospinning. Thus, the zero charge density at the onset of

the jet was adopted in this model. Because 1 was null, I was

only limited to the conductive part at the onset of the jet.

Therefore, we deduced E from eq. (4) by neglecting the convec-

tive part. Finally, the shear inside the nozzle was assumed to be

ineffective in stretching polymer molecules as compared with

the elongation downstream, such that the stress at the onset of

the jet was purely Newtonian.13 At the final stage, the jet thin-

ning was no longer considerable, and a zero gradient was then

applied to r, the velocity, 1, and E. Therefore, the boundary

conditions for the geometry, the velocity, and E are

rðz50Þ5r0 and
drðz5LÞ

dz
50 (8a)

vðz50Þ5v05
Q

pR2
0

and
dvðz5LÞ

dz
50 (8b)

Eðz50Þ5E05
I

pr2k
and

dEðz5LÞ
dz

50 (8c)

When the stable jet governing equations for the charge density

are solved, the velocity, E as function of z, rsj, and g could be

calculated. These two outputs were then used in the governing

equations of the unstable jet. To our knowledge, this is the first

time rsj, g, and Lsj [obtained iteratively from eq. (2)] have been

used in the development of a model of the bending instability

region of the second stage of the electrospinning process.

Bending Instability. Although electrospinning is a simple process

to perform, the bending instability involves a complex interplay

between the fluid dynamics, electrodynamics, and rheology. Because

of this complexity, it is difficult to derive a mathematical model for

the bending instability.19 Therefore, we had to make a few assump-

tions that allowed the derivation of the expression that related the

final fiber diameter to the electrospinning process and parameters.

The jet was mainly treated as a slender viscous object. In addition, at

the final stage of the whipping mode, r was decreasing, and compe-

tition was viewed between g and the surface charge repulsion. More-

over, I from eq. (7) was reduced to the convective term at the final

stage of electrospinning, and the conductive term was neglected. On

the basis of the previous assumptions, Fridrikh et al.20 presented a

simple expression that relates the final fiber diameter to the

influencing parameters on the basis of the equation of motion for

the normal displacement (€x) derived from Hohman et al.22

The model prediction arose from a force balance between g and

the electrostatic charge repulsion. The expression was then

corrected by the concentration of the polymer in the solution.

The model treats the jet as a slender viscous object. The

equation of motion for €x (see Figure 2) of the jet centerline was

presented by Hohman et al.22 as follows:

qpr2€x52p1E1n̂1 pg1
r�E
2

bðE1 :̂t Þ212p2r12�Eð322 ln vbiÞ
� �

r

R
(9)

where n̂ and t̂ are the normal and the tangential directions,

respectively, of the bending instability curvatures and R is the

radius of curvature of the bending instabilities. The first term of

eq. (9) accounts for the effect of E on the surface free charges

of the jet. The second term is g. The third term originates from

the bending motion. The last term is the electrostatic repulsion.

At the final stage of the whipping mode, r is decreasing, and

Figure 3. Forces applied to the chosen control volume.
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the competition is viewed between g and the surface charge

repulsion. Furthermore, at the late stage of whipping, eq. (3) is

reduced as follows:

2p r1 v5I (10)

With eq. (2) and (10), the final fiber diameter at the final whip-

ping stage leads to the expression of Frifrikh et al.20 given by

rf 50:5 C0:5 g�E
Q2

I2

2

pð2 ln vbi23Þ

� �1=3

(11)

where vbi is the ratio of the characteristic axial length scale. The

previous expression is mostly limited to selective polymer–sol-

vent system19 and is applicable to the final stage of electrospin-

ning when the competition is between the g force and the

electrostatic repulsion.20 The expression of Frifrikh et al.20 is

not applicable to a relatively high polymer solution concentra-

tion higher than 12 wt % because of the relatively large viscous

force dampers. Therefore, the viscous force cannot be neglected

and the bending instabilities that occur are quite smooth.

vbi was defined by Hohman et al.16,22 and is determined in

practice by the shape of a jet as it thins away from the nozzle to

rsj. Thus, vbi is the wavelength [X (m)] estimated from the fast-

est growing mode of the spinning jet, and it leads to maximum

thinning.15 Therefore, the dimensionless parameter vbi appear-

ing in eq. (11) is given by

vbi5
X
rsj

(12)

where rsj is obtained from the solution of the governing equa-

tions of the stable jet region [eqs. (3-7)]. The maximum growth

rate18 (wmax) of R is calculated as follows:

wmax5
9p41s

r2l

� �1=3

2pq�Eð2 ln vbi23Þ½ �1=6
(13a)

where 1s and l are the surface charge density and the viscosity

of the solution, respectively. On the other hand, X, shown in

the vbi equation [eq. (12)], is estimated from the wave number

(K) of the instabilities occurring in the stable jet15 as follows:

X5
2p
K

(13b)

The equation of K was derived by Reneker et al.15 through the

balancing of the forces resulting from 1 and hs. This equation

corresponds to wmax of the bending instabilities and presents a

strong link between the stable and the unstable regions. The

reason is that the K equation is a function of the two stable jet

outputs: rsj and 1sj at Lsj. The K equation15 becomes

K5
p21sj

rsj
2l

� �1=3

½2pq�Eð2 ln vbi23Þ�1=6
(13c)

As K depends on the vbi parameter, iterations are needed to find

the convergent vbi required to determine the final radius (rf),

with eq. (11). The coupling between the stable jet and the bend-

ing instability stage occurs with rsj and 1sj to determine vbi. The

novelty of the method arises from this coupling, which combines

several validated models to generate a simplified model. This

simplified model relates the electrospinning parameters to the

final fiber diameter. In other words, the model of Fridrikh et al.20

is modified by the calculation of vbi on the basis of Hohman

et al.’s16,22 definition and with the equations developed by

Reneker et al.15 These equations are related to the first stage of

electrospinning (the stable jet) based mainly on the work of

Feng.12 Fridrikh et al.20 stated a range for vbi between 10 and

1000 but used a value of 100 at a final fiber diameter of 100 lm.

It was interesting to accurately calculate the parameter vbi as a

function of the stable jet region parameters to improve the accu-

racy of the predictions of the final fiber diameter at the desired

distance of the bending instability region.

Numerical Solution. Figure 4 shows the flow chart of the mod-

el numerical approach. The coupled eqs. (3-7) with the associat-

ed boundary conditions given in eqs. (8-10) were discretized

with a finite volume methodology, where the electrospinning jet

was divided into a number of grids (Nz) with a circular cross

section and a grid size of Dz. Central differencing was used for

second-order terms. The input set divided on the solution

properties and processing parameters were used in the model.

The Lsj value was assumed, and Dz was calculated on the basis

of a constant Nz of 366. Afterward, initial guesses for r, 1, E,

and v for all nodes were assumed and iterated until convergence

with a maximum relative error of 1025. Once all these

unknowns were predicted for all nodes, the rsj, 1sj, stable jet

electric field (Esj), and stable jet velocity (vsj) were used to cal-

culate Lsj, as given in eq. (2). Thus, the calculation was repeated,

and an updated Lsj was predicted. The calculation of Lsj was

also repeated until convergence with a maximum relative error

of 1025 occurred. The numerical solution was repeated for

different grid sizes to ensure that a grid-independent solution

was obtained. In the presented simulations, the number of grid

points was 366 in the jet direction with Dz depending on Lsj.

The coupling between the stable jet and the bending instability

region occurred with rsj and 1sj in the bending instability equa-

tions [eqs. (11-13c)]. First, X was assumed, and then, the

dimensionless parameter vbi was calculated on the basis of eq.

(12) with rsj. After that, the wave number was calculated on the

basis of the dimensionless parameter vbi and 1sj. Then, the cor-

responding X was recalculated and compared to the assumed

one. The calculation is repeated until a X convergence was

achieved with a maximum relative error of 1025. Finally, rf of

eq. (11) was calculated.

Experimental Methodology

Materials. PAN, with an average molecular weight of 150,000 g/

mol, and N,N-dimethylformamide (DMF;� 99.8%, American

Chemical Society spectrophotometric grade) were purchased

from Sigma-Aldrich and were used as received without further

purification.

Preparation of the PAN Nanofibers. PAN polymeric solutions

at different weight concentrations were prepared by the dissolu-

tion of PAN powder in DMF under constant magnetic stirring

at 900 rpm for 24 h at room temperature.28 To remove the

entrapped air bubbles, the polymeric solutions were sonicated

in a Cole-Parmer 8851 sonication bath at 47 kHz for about

20 min before the electrospinning process. A laboratory-scale
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electrospinning machine (Fluidnatek LE-10, Bioinicia, Spain)

was used for the preparation of the PAN nanofibers (Figure 5).

The inner and outer diameters of spinneret nozzle were 0.6

and 0.9 mm, respectively. The collector was a rotating drum

(100 mm diameter 3 200 mm length) made of anodized alumi-

num covered by a piece of aluminum foil, with a variable rota-

tional speed from 200 to 2000 rpm. By specifying Q, the applied

voltages (0–30 kV), the tip-to-collector distance, and the velocity

of the collector drum, we generated a horizontal E between the

nozzle and the collector. This E allowed the jet to leave the

nozzle and to be stretched horizontally. The electrospun nano-

fibers were collected at a controlled room temperature of 20 8C

and at 30% relative humidity.29

I Measurement. To find the current correlation, I needs to be

measured for different electrospinning conditions. For this mea-

surement, one can measure the voltage drop across a resistor

that is in series with the grounded collector with Ohm’s law.23

As I during electrospinning is on the order of nanoamperes to

microamperes, a resistance of high impedance (20 MX) and a

regular voltmeter (Fluke 117 multimeter) were used.

Fiber Diameter Measurement. Morphological observation of

electrospun samples was performed with a scanning electron micro-

scope (Mira 3 LMU Tescan) operating at an acceleration voltage of

15 kV with a working distance of 3 mm with an InBeam detector at

a magnification range from 3000 to 50,0003. For each electrospun

web, five circular specimens were cut from different places, and 20

fiber measurements were conducted for each specimen. According-

ly, 100 measurements were averaged with their proper standard

deviation with the Mira built-in measurement software.

PAN solutions with various weight concentrations were electro-

spun under the ambient conditions of 20 8C and a relative humid-

ity of about 30%. Different sets of experiments were performed

where one parameter was varied in each set, as shown in Table I.

In the first set, Q was varied from 900 to 1320 lL/h, whereas E and

the polymer concentration were kept constant at 97,222 V/m and

10 wt %. The aim of this set is to figure out the effect of solution

Q on the final fiber diameter. In the second set, E was varied from

88,889 to 113,889 V/m, whereas the Q and the polymer concentra-

tion were kept constants at respectively 900 lL/h and 10 wt %. In

these experiments, we examined the influence of increasing E on

the final fiber diameter. Finally, in the third set, the polymer con-

centration was varied from 8 to 11 wt %, whereas E and Q were

Figure 4. Flow chart of the complete model.

Figure 5. Electrospinning device used. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]
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kept constant at 97,222 V/m and 900 lL/h, respectively. In these

experiments, we aimed to establish the profile of the final fiber

diameter against the polymer concentration. All of the electro-

spinning parameters were chosen in a range that ensured genera-

tion of a continuous jet without droplets.29

For each experiment, I was measured, and five different samples

from different parts of the final web were studied by scanning elec-

tron microscopy (SEM) to measure the final fiber diameter and its

distribution (see Figure 6). The measured I was used to calculate a

from eq. (1) (see the Appendix). The I equation [eq. (1)] was used

in the model.

RESULTS AND DISCUSSION

The model was simulated for the three experiment sets summa-

rized in Table I, and the final fiber diameter was calculated. To

ensure the validity of the model predictions, the calculated and

the experimental fiber diameters were subject to the same con-

ditions. The relative error between them is reported for each

simulation.

Figure 7(a–c) shows the theoretical and experimental fiber

diameters as a function of Q, E, and the polymer concentration.

The error bars shown in Figure 7 are related to the standard

deviation given by the SEM machine. The average standard

deviation was about 632 nm. There was good agreement

between the predicted and experimental values, with an average

relative error of 6.65% and a maximum relative error of 10%.

Effect of Q on the Fiber Diameter

Our model predictions agreed with the experimental fiber diam-

eters at different Qs, with a relative error of 6.5%. The final

fiber diameter increased with increasing Q; this is the case for

most polymeric solutions [see Figure 7(a)].30 This was similar

to the fiber diameter trend reported in the literature,31 where at

small Qs, a small amount of solution was ejected from the

nozzle. With increasing Q at the same E, a larger amount of

solution volume was ejected. However, E1 was not capable of

stretching the ejected solution with a larger volume. This

limited stretching led to an increase in the fiber diameter at a

larger Q. Moreover, it was shown that Q had a significant effect

on the final diameter: an increase of 30% in Q led to an

increase of 15% in the fiber diameter.

Effect of E on the Fiber Diameter

Figure 7(b) shows the variation of the fiber diameter with E.

The figure shows the good agreement between the model pre-

dictions and the experimental results, which showed an average

relative error of 6.72%. Moreover, it clearly illustrates that the

increase of E yielded a decrease in the fiber diameter. Indeed,

the increase in the applied E yielded an increase in the drawing

force (Coulombic force), which was responsible for the stretch-

ing and thinning of the fiber. Therefore, an increase in E

contributed to the decrease in the final fiber diameter. For

instance, an increase of 30% in E yielded a decrease of 14% in

the final fiber diameter.

Table I. Parameters for the Set of Experiments Performed

Q (lL/h) E (V/m)

Solution property

Concentration (%) Conductivity (mS)

Varying Q 900 97,222 10 8232

960 97,222 10 8232

1020 97,222 10 8232

1080 97,222 10 8232

1140 97,222 10 8232

1200 97,222 10 8232

1260 97,222 10 8232

1320 97,222 10 8232

Varying E 900 88,889 10 8232

900 91,667 10 8232

900 94,444 10 8232

900 97,222 10 8232

900 100,000 10 8232

900 102,778 10 8232

900 105,556 10 8232

900 108,333 10 8232

900 111,111 10 8232

900 113,889 10 8232

Varying polymer concentration 900 97,222 8 726524

900 97,222 9 778994

900 97,222 10 823204

900 97,222 11 859154
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Effect of the Polymer Concentration on the Fiber Diameter

Figure 7(c) shows the variation of the fiber diameter with the

polymer concentration. The model predictions agreed with the

experiment measurements of the final fiber diameter, with an

average error of 6.72%. The effect of the concentration on the

fiber diameter is generally related to the viscous effect. As the

polymer concentration increases, h increases. However, the vis-

cous force stands against the stretching of the fiber. Conse-

quently, the fiber diameter increased with increasing h.28 In

other terms, an increase in the concentration led to an increase

in the final fiber diameter. However, the effect of concentration

was negligible compared to the effects of Q and E. As shown in

Figure 7(c), an increase of 30% in the concentration contribut-

ed to only a 1% increase in the fiber diameter.

Model Validation with a Published Experimental Study

Ozkok et al.32 investigated the effect of the solution concentration

on the morphology of the PAN nanofibers by measuring the fiber

diameter at different concentrations. In this section, we are

interested in comparing our model results with those of Ozkok

et al.’s32 published experiment. Unlike other studies, Ozkok et al.32

provided all of the electrospinning parameters needed as input to

validate our model. These parameters were as follows:

r0 5 0.7 mm, DV 5 35 kV, Q 5 0.5 mL/h, and L 5 10 cm. The fiber

diameter varied from 216 nm at a polymer concentration of 6 wt

% to 270 nm at a polymer concentration of 12 wt %. With the

same input, our model predicted the same trend with a maximum

relative error of 15%. The predicted fiber diameter varied from

189 to 230 nm at polymer concentrations of 6 to 12 wt %, respec-

tively. Because the standard deviation of SEM measurement was

about 632 nm, the predicted fiber diameter with our model was

within the range of the published experiment.

Model Comparison against the Predictions

of Published Models

Even though the stages of electrospinning have been investigated in

the literature with different mathematical models, the developers of

these models were mainly interested in studying the jet profile, the

Figure 6. Sample SEM images: (a) Q 5 900 lL/h, E 5 97,222 V/m, and C 5 10%; (b) Q 5 900 lL/h, E 5 88,889 V/m, and C 5 10%; and (c) Q 5 900 lL/h,

E 5 97,222 V/m, and C 5 11% and (d) fiber diameter measurements for Q 5 900 micro L/h, E 5 97,222 V/m, and C 5 11%. C: Polymer Concentration;

D1: fiber diameter measurement 1; D2: fiber diameter measurement 2; D3: fiber diameter measurement 3; D4: fiber diameter measurement 4. [Color

figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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stability of the jet, and the physics behind the bending instabilities.8

Few models show the final fiber diameter explicitly.20 For instance,

some authors have presented scaling studies of the final fiber diam-

eter in electrospinning as function of the processing parameters and

did not come up with the fiber diameter values.19 Other models,

such as that of Zeng et al.33 and Stepanyan et al.,34 which were based

on published physical models, predict the final fiber diameter at dif-

ferent processing parameters. However, they did not report their

model accuracy. Fridrikh et al.20 reported an average relative error

of 20% for a PAN solution compared to a relative error of 6.65% in

our model. The main reason was that Fridrich et al.20 used an

arbitrary range for v without developing a systematic method

for its calculation. However, in this study, v was related to the

first electrospinning stable jet stage; this coupled the stable and

the unstable jet regions and led to more accurate fiber diameter

prediction.

The main feature of our model is its fast convergence because it

combines numerical and analytical methods for the prediction

of the final fiber diameter. The rate of convergence varied

between simulations; thus, an average time convergence is

reported. For the stable jet region, Lsj needed about 20 itera-

tions to converge. In each iteration, rsj and 1sj were calculated

after approximately 200 iterations. For the unstable jet model,

the number of iterations needed for vbi to converge was about

40 iterations. Thus, the total time needed in each simulation to

predict the final fiber diameter was approximately a few

minutes with a four-core computer and 3.2 GHz of random

access memory. The developed model is simple and predicts the

fiber diameter at comparable accuracy to that of a more com-

plex and computationally expensive model that uses a Lagrang-

ian approach, in which the charged particles are followed in the

unstable jet region.18,19

Model Limitations

The main limitation of this model was attributed to the

assumption used to come up with the final fiber diameter corre-

lation [eq. (11)] in the bending instability region. This assump-

tion limits the model to relatively small polymer–solvent

concentration (�12 wt %). Another limitation is related to the

collection speed. In this study, we chose an average collecting

speed of 600 rpm.29 The choice of this collection speed was basi-

cally related to the fact that a high collecting speed can affect

the final fiber diameter; this was the result of the force exerted

on the depositing fibers by the take-up roll.35

CONCLUSIONS

In this study, a simplified and accurate model of electrospinning

was developed to predict the final fiber diameter. The model

couples the two electrospinning stages to relate the electrospin-

ning parameters to the final fiber diameter. We achieved the val-

idation of the model by performing a set of experiments at

different electrospinning processing conditions. The developed

model succeeded in evaluating the fiber diameter at different

processing parameters and presented a relatively high accuracy

(average relative error 5 6.65%) compared to other models

(average relative error 5 20%). The fiber diameter increased

with increasing Q and concentration and decreased with

increasing E. This study will be followed by further studies that

use the final fiber diameter in the estimation of the morpholog-

ical properties, such as thickness, air permeability, and porosity,

of the nanofiber web collected. These morphological properties

are important in textile applications, particularly in protective

clothing, where the unique characteristics of the nanofiber web,

such as the large surface-area-to-volume ratio and low basis

weight, can be used for full-scale air filtration applications in

toxic environments.
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APPENDIX: ELECTRIC CURRENT CORRELATION

The electric current was measured in electrospinning scales as

E1Q0.5k0.4 for wide polymer solutions in an organic solvent.

Thus, we predicted the electric current from eq. (1) by finding

the average a for the PAN/DMF solution. Therefore, each E, Q,

and conductivity were varied. For an E of 97,222 V/m and an

electrical conductivity of 0.0082 S (corresponding to a concen-

tration of 10%), the experiment was repeated eight times for

Figure 7. Comparison of the theoretical and experimental fiber diameters

for (a) different Qs, (b) different Es, and (c) different concentrations.

[Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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different Qs, ranging from 900 to 1320 lL/h. Furthermore, for a

Q of 900 lL/h and an electrical conductivity of 0.0082 S (corre-

sponding to a concentration of 10%), the experiment was repeat-

ed 10 times for different Es ranging from 88,889 to 113,889 V/m.

Finally, for a Q of 900 lL/h and an E of 97,222 V/m, the experi-

ment was repeated eight times for different electrical conductivi-

ties ranging from 0.0072 to 0.0085 S (corresponding to a

concentration ranging from 8 to 11%). For each experiment, a

was found, and the average of all constants was used in the

correlation. The experiments show an average constant of

3.182 3 1027 with a maximum relative error of 14%. Equation (1)

becomes

I53:182310273E1Q0:5k0:4 (A.1)

Figure A1(a–c) compares the experimental and theoretical cur-

rents occurring with different Qs, different Es, and different elec-

trical conductivities. The error bars in Figure 1 are related to the

standard deviation of the experiments caused mainly by the mul-

timeter fluctuation. Good agreement was observed between the

experimental and theoretical currents, with an average relative

error of 9% and a maximum relative error of 14%. On the other

hand, the theoretical electric current values were in the range of

published articles. For instance, the electrical current in the work

of Barua and Saha29 was approximately in the same range of our

electrical current, even though electrospinning could be achieved

at different r0 values of the nozzle (depending on the geometrical

parameters of the electrospinning machine).
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